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ABSTRACT 

In frames of dS/CFT correspondence suggested by Strominger we cal- 
culate holographic conformal anomaly for dual euclidean CFT. The holo- 
graphic renormalization group method is used for this purpose. It is ex- 
plicitly demonstrated that two-dimensional and four-dimensional conformal 
anomalies (or corresponding central charges) have the same form as those 
obtained in AdS/CFT duality 
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AdS/CFT duality (for a review, see [1]]) relates quantum gravity on AdS 
D-dimensional space with boundary CFT in one dimension less. It has been 
proven to be very useful in modern string/quantum gravity /conformal theo- 
ries. It is suspected that AdS/CFT correspondence is manifestation of some 
more deep fundamental principle somehow related with holography. 

In the recent paper by Strominger @(for related discussion, see ||) it 
has been suggested dS/CFT correspondence in the similar sense as above 
AdS/CFT correspondence. The fact that quantum gravity in de Sitter space 
may have some holographic dual has been already mentioned in several pa- 
pers j|, |5|, [7], |8|]. The following simple arguments may be suggested. The 
reason why AdS/CFT can be expected is the isometry of d + 1-dimensional 
anti-de Sitter space, which is SO(d, 2) symmetry. It is identical with the con- 
formal symmetry of d-dimensional Minkowski space. We should note, how- 
ever, the d + 1-dimensional de Sitter space has the isometry of SO (d + 1, 1) 
symmetry, which can be a conformal symmetry of d- dimensional Euclidean 
space. Then it might be natural to expect the correspondence between d+ 1- 
dimensional de Sitter space and d-dimensional euclidean conformal symmetry 
(dS/CFT correspondence 0). In fact, the metric of D = d + 1-dimensional 
anti de Sitter space (AdS) is given by 

ds 2 A dS = dr 2 + e 2r (^-dt 2 + J2 (dx l ) *\ . (1) 

In the above expression, the boundary of AdS lies at r = oo. If one exchanges 
the radial coordinate r and the time coordinate t, we obtain the metric of 
the de Sitter space (dS): 

ds 2 dS = -dt 2 + e 2t J2(dx t ) 2 . (2) 
i=i 

Here x d = r. Then there is a boundary at t = oo, where the Euclidean 
conformal field theory (CFT) can live and one expects dS/CFT correspon- 
dence. The purpose of the present note is to get holographic conformal 
anomaly within dS/CFT correspondence in the same style as it was done 
in AdS/CFT correspondence (see refs. |12| for calculation of holographic 
conformal anomaly in AdS/CFT duality). It is shown that obtained cen- 
tral charge of dual CFT in two and four-dimensions is the same as in the 
correspondent calculation in AdS/CFT. 
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In the present discussion one can use the analogy with the holographic 



renormalization group formulation developed in [10, 11]. One can start from 



D = d + 1 dimensional dS-like metric in the following form 

ds 2 = G MN dX M dX N = -dt 2 + Gp,(x, tfdx^dx". (3) 

where X M = (x^,i) with fi, u = l,2,---,d. The gravitational action on a 
(d + 1) dimensional manifold Md +1 with the boundary = dMj + i is given 
by 

S d+1 = I d d+1 xV^G(R - A) + 2 f d d x\fdK 

= £ d d xj drV^G (R — A — K^K^ + K 2 ) 

= J d d xdrV^GC d+1 . (4) 

where R and are the scalar curvature and the extrinsic curvature on 
Srf respectively. We should note that we are considering the action in the 
Minkowski signature. Since we are considering the de Sitter background 
instead of the AdS background, the cosmological constant A is positive and 
parametrized by the parameter I, which is the radius of the asymptotic dS^+i 



A^^. (5) 



Kn U is given as 



1 FtO 

^=0f» K = G>»K ia , (6) 

In the canonical formalism, £d+i is rewritten by using the canonical momenta 
Ii^ u and Hamiltonian density TC as 

C d+1 = W»^ + H, H^—iUff-U^ + R-A. (7) 

The equation of motion for IP" leads to 

IP" = - & V K. (8) 
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The Hamilton constraint Ji = leads to the Hamilton- Jacobi equation (flow 
equation) 



{S,S}(x) 
{S,S}(x) 



GC d (x) 



1 



1 (g SS 



5S 



[IV , 



SG 



C d {x) = R[G] - A. 



(9) 
(10) 

(11) 



One can decompose the action 5" into a local and non-local part as discussed 
in ref.JlO] as follows 



S[G{x)\ = S loc [G{x)]+T[G{x)}, 



(12) 



Here Si oc [G(x)} is tree level action and T contains the higher-derivative and 
non-local terms. In the following discussion, we take the systematic method 
of ref. [0, which is weight calculation. The Si oc [G] can be expressed as a 
sum of local terms 



Si oc [G(x)} = f d d x\fdC loc {x) = f d d xjd Yl [£ioc{x)U (13) 
The weight w is defined by following rules; 



™=0,2,4,- 



G^, T : weight , : weight 1 , R, R^ v : weight 2 



5T 



SG 



: weight d . 



Using these rules and (H), one obtains the equations, which depend on the 
weight as 



(14) 
(15) 
(16) 



GCd — [{Sioc, Si oc }] + [{Sioc, Si oc }} 2 

= [{S loci S loc }] w (w = 4, 6, •••<*- 2), 

o = 2[{s loc ,r}) d + [{s loc ,s loc }] d 



The above equations which determine [Aoc]^. 
parametrized by 

[C loc ] Q = W, [£ loc ] 2 = -$R 



[Cioc) and [£/ oc ] 2 are 
(17) 
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Thus one can solve (|14| ) as 

d 



A 



-W 2 



d-2 



-W<5> 



A(d-l) ' 2(d-l) 
The case of d = 2 is special and instead of Eqs.([l4]|[5[[l6]), we obtain 



(18) 



GC 2 — 2 [{Sloe, T}] 2 + [{Sloe, Sloc}] + [{Sloe, Sio C }] 2 ■ 



(19) 



When d = 2, the second equation in ( p!8| ) is irrelevant but by using (^j), we 
obtain 

W 2 = - j . (20) 
When d > 2, by using (|j), one obtains and $ as 

2(d-l) , Z 



W 



I 



cZ-2 



(21) 



Note that there is an ambiguity in the choice of the sign but the relative sign 
of W and $ is different from AdS case. When [£/ oc ] 4 = 0, one gets 



1 



[{'S'ioo "Sjoc/L. 



R 2 - 



Z 2 



4(d-l)(d-2) 2 (d-2 



(22) 



The weight d flow equation fll6|), which is related with the conformal anomaly 
in d dimensions |10|, [TT|| , is written by 



W 



2(d-l) 



i $r 

G^u-r^ — — 2 [{/Sjoc, = — [{Sj oc , Sioc}] d ■ 



G 



5G 



(23) 



This Guuttt- can be regarded as the sum of conformal anomaly Wd and 

the total derivative term V ^J^ in d dimensions. Thus we rewrite (f23|) as 
following 



K 2 W d + V U J» 



d- 1 

w\fd 



[{Sloe, Sloe}] 



d ■ 



(24) 
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Here k 2 is d+1 dimensional gravitational coupling. Using the above relation, 
one can get the holographic conformal anomaly in 2 dimensions 

K 2 W 2 = -^r= [{S loc ,r}] 2 = l -R. (25) 
yG 2 

Actually, the corresponding result (via calculation of central charge for corre- 
sponding 2d CFT) has been already obtained by Stromingerp] using method 
similar to the one developed in three-dimensional AdS space ||. It has been 
also proposed in ref . [[J that holographic conformal anomaly evaluation may 
be applied as well. The result for 4d holographic conformal anomaly is ob- 



tained from (22): 



k 2 W, = -L [{S loc , S loc }l = I 3 [^R 2 - l -R, u R^ ) . (26) 



This agrees with the result for holographic conformal anomaly calculated by 
various methods using AdS/CFT duality fli~2"l. It indicates that all results 
about holographic conformal anomaly jnj in AdS/CFT may be easily used 
indS/CFT. 

We should note that holographic conformal anomaly obtained from 
dS/CFT duality seems to be identical with that from AdS/CFT one. This 
shows that obtained central charge from dS/CFT duality itself is the same 
with that from AdS/CFT. Nevertheless, it does not mean that boundary 
CFTs should be necessarily the same because there may exist several differ- 
ent theories with the same central charge. Finally, let us note that the fact 
that holographic conformal anomaly from AdS/CFT or dS/CFT duality is 
the same suggests that both these dualities are the consequence of some un- 
derlying fundamental principle. Even more, one can speculate on existance 
of more dualities of such sort, also for other spaces. 
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